The relativistic glider 
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We present a purely relativistic effect according to which asymmetric oscillations of a quasi-rigid 
body slow down or accelerate its fall in a gravitational background. 
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PACS numbers: 04.20.-q, 04.25.-g, 45.40.-f 

The motion of extended bodies in General Relativ- 
ity has been a source of unexpected phenomena up to 
the present. Although the problem in its full general- 
ity is notoriously complicated approximated analysis 
of quasi-rigid bodies already discloses interesting effects. 
A remarkable example and quite surprising result was 
recently presented by Wisdom, who demonstrated that 
cyclic changes in the shape of a quasi-rigid body may 
lead to net translation in curved spacetimes 0. Since 
this takes place in the absence of external forces, one can 
portray the body as swimming in spacetime. Later, this 
effect was shown to dominate over the so-called "swing- 
ing" (Newtonian) effect, whose formulae are well known, 
for high enough oscillation frequencies Q. The latter is 
a direct expression of the fact that expanding and con- 
tracting a body in a nonuniform gravitational field gives 
rise to a net work on it (due to tidal forces). However, 
this effect is increasingly suppressed for higher frequen- 
cies, since the gravitational potential felt by the body 
is then nearly the same through its complete cycle (see 
Eq. 5 of 0). 

Here we present a purely relativistic effect which (like 
the swimming and unlike the swinging effect) is not sup- 
pressed for high frequencies, but (like the swinging and 
unlike the swimming effect) is not related to a gravita- 
tional geometric phase. It comes about by letting a quasi- 
rigid body perform asymmetric oscillations in a gravita- 



tional background. We show that, as a result, the body 
slows down or accelerates its fall depending on how asym- 
metric its internal oscillations are. 

We propose a simple model to investigate this effect: 
two test particles of mass m connected by a massless 
strut whose length varies periodically, i.e., an oscillating 
dumbbell. The strut is mathematically implemented as 
a constraint between the particles. Physically, and fol- 
lowing Wisdom's idea (see last section of [H), the active 
strut should be constantly and locally monitored in order 
to guarantee that the constraints are maintained. 

A test particle under the influence of a spherically sym- 
metric gravitational field moves, in the context of General 
Relativity, in Schwarzschild spacetime. Its equations of 
motion follow from the Lagrangian 
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where m is the mass of the test particle and s is an evolu- 
tion parameter (we assume that the body falls vertically 
towards the gravitational source). For the dumbbell, we 
choose the coordinate time t as the evolution parameter 
and take the relevant Lagrangian as 
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r2{t)=ri{t)-\-l{t) 



where l{t) is the constraint as seen by the observer at in- 
finity. In the Newtonian limit, l{t) represents the length 
of the strut connecting the particles at time t. This imple- 
mentation of the constraint clearly embodies considerable 
simplification (for instance, it fails to be covariant) [1]. 
However, it is important to note that, by choosing a pe- 



riodic l{t) such that l{0) = 1{T) = 0, all observers will 
agree that the worldlines of both particles meet at the end 
of each period. In the following, we numerically solve the 
equations of motion coming from ([2]) for a family of con- 
straint functions I ait) whose members always meet this 
condition. Of course, different observers will disagree on 
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the symmetry and shape of a given function l{t) as mea- 
sured by them. 

With these considerations in mind, we compute the 
faU of the oscillating dumbbell and compare it with that 
of the single particle (the particular case when l{t) = 
0); both with the same initial conditions. Given that 
the cyclic changes considered here affect a single degree 
of freedom, we can anticipate that the swimming effect 
will not arise in this case [5|]. Therefore the sought after 
relativistic effect will be isolated once we work in a regime 
for which (Newtonian) tidal effects are negligible. 

We numerically solved the Euler-Lagrange equations 
associated with ([2]) for the family {la{t)} portrayed in 
Fig. [IJi,. The asymmetry parameter a, ranging from —1 
to 1, quantifies how much la{t) fails to be symmetric 
about its peak: the function corresponding to a = 
has its peak at t ~ T/2, while a generic la{t) attains 
its maximum at t = T For each value of a, the 
equations of motion of the oscillating dumbbell and of the 
point mass were integrated, with rp(0) = ri(0) = R and 
rp(0) = fi(0) = 0. Their separation Sr = ri{T) - rp{T) 
after one period then yields the net displacement of the 
dumbbell. Representative results, for R = 120 and 
51 = 5 X 10~^, in units of GAI jc? , are shown in Fig. [it, 
where 8r x 10^ was plotted against the dumbbell oscil- 
lation frequency w = 1/T. The relativistic case, cor- 
responding to (HI) and ([2]), is represented by solid lines, 
while its Newtonian counterpart is depicted by dashed 
lines. 

Fig. [TJd shows that the Newtonian 5r is always nega- 
tive and that it becomes negligible when the frequency is 
large enough (as expected from our earlier discussion). 
It is important to note that this happens irrespective 
of the value of the asymmetry parameter a. This is in 
marked contrast to the relativistic case. Indeed, while 
the relativistic curve for the symmetric case (a = 0) is 
surrounded by Newtonian curves, those corresponding to 
positive values of a lead to a positive net displacement, 
a purely relativistic effect. Therefore, a relativistic robot 
who cannot swim may still soften its fall by repeatedly 
stretching and shrinking its body in an asymmetric fash- 
ion. Note that the relativistic Sr does not become negligi- 
ble for large values of uj, and that its sign and magnitude 
in this regime are determined by a. 

It is worth noting that the beginning of the plateaus in 
Fig. [T|d occurs in a frequency domain which is fairly inde- 
pendent on the oscillation amplitude SI By keeping 
SI small one can thus obtain the effect in hand for rea- 
sonably small velocities. It is interesting to note that, by 
Taylor expanding the Lagrangian Q in fi and r2 while 
keeping the remaining (position-dependent) terms unper- 
turbed, one needs to retain terms at least up to fourth 
order in v/c to capture the effect under consideration. 
This should be compared to Wisdom's swimming effect, 
which already takes place when the relevant Lagrangian 
is expanded up to second order in v/c. The effect pre- 
sented here thus arises from an intricate coupling of the 
gravitational field to the velocities of the particles. 
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FIG. 1: (a) Family of constraint functions la{t) [^. (b) Net 
displacement Sr = ri{T) — rp{T) of the dumbbell, relative to 
the falling point mass, after one period. The initial condi- 
tions are set by rp(0) = ri(0) = 0, rp(0) = ri(0) = 120 and 
SI = 5 X 10"^ (in units of GM/c^). The relativistic (New- 
tonian) case is represented by solid (dashed) lines. The plot 
shows that the Newtonian Sr is always negative and that it 
is negligible for u> > 0.03 c? /GM, irrespective of a. In con- 
trast, we see that the relativistic Sr crucially depends on the 
asymmetry parameter a, and does attain positive values (for 
positive a). Causality problems (due to large velocities) only 
start to appear at much higher frequencies, not shown above. 



From some numerical analysis, we estimate that the 
net displacement after one period, in the large frequency 
regime (corresponding to the plateaus in Fig. [T]) , is given 
by 
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where SI is the amplitude of la{t) and Ta is a dimension- 
less factor associated with the asymmetry parameter a, 
see Fig. [51 This expression was obtained from numerical 
simulation employing a large range of values for R and SI, 
going from 50 to 10^ and 10~^i? to 10~^i?, respectively. 
Equation [3| shows that the effect under consideration can 
be orders of magnitude higher than the swimming effect, 
which is proportional to SP / R^ Q. This result is some- 
what surprising since, as discussed above, the swimming 
effect is already present when the Lagrangian is expanded 
up to second order in the velocities, while the effect pre- 
sented here needs at least a fourth-order expansion in 
v/c. 
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FIG. 2: Adimensional scale factor Ta as a function of the 
asymmetry parameter a. 



in this regime. In this way, if the dumbbell is engineered 
so that 6luj ^ 0.01c, we get 6r/D ^ 10^"*. Therefore, 
such result may be within reach of experimental verifica- 
tion. This would open the door to new tests of General 
Relativity by means of local experiments . 

We close by noting that, if 6r/D were to reach 1, the 
dumbbell would be able to float in space. However, this is 
apparently not possible, since numerical simulations indi- 
cate that the value attained by Sr/D is typically limited 
to 15%. Therefore, it seems that, although this mecha- 
nism cannot be employed to fly, it might be conceivably 
used as a relativistic paraglider to slightly soften the land- 
ing on an atmosphereless planet. 



It is instructive to calculate the net displacement Sr 
in terms of the coordinate distance D traveled by the 
falling point mass during the period T. Using the rough 
estimate D ~ gT^, with g = GM/R^, we immediately 
see that 

5r/D ^ {Sluj/cf (4) 
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